We present a phenomenological study of the small-x behaviour of gluon distribution function G(x, Q 2 ) at next-to-leading order (NLO) and next-to-next-to-leading order(NNLO) in light of the nonlinear Gribov-Ryskin-Levin-Mueller-Qiu (GLR-MQ)evolution equation by keeping the trasverse size of the gluons (∼ 1/Q) fixed. We consider the NLO and NNLO corrections, of the gluon-gluon spitting function P gg (z) and strong coupling constant α s (Q 2 ). We have suggested semi-analytical solutions based on Regge like ansatz of gluon density G(x, Q 2 ), which are supposed to be valid in the moderate range of photon virtuality(Q 2 ) and at small Bjorken variable(x). The study of the effects of nonlinearities that arise due to gluon recombination effects at small-x is very interesting, which eventually tames down the unusual growth of gluon densities towards small-x as predicted by the linear DGLAP evolution equation. * mlalung@tezu.ernet.in † pragyanp@tezu.ernet.in ‡ jks@tezu.ernet.in
INTRODUCTION
The study of small-x behaviour of gluons is very interesting as the gluons become most abundant partons inside the hadrons and can explain the behaviour of QCD observables like the hadronic cross sections through their initial distributions. Determination of parton distribution functions (PDFs) has always been a fascinating task which has attracted and inspired various collaboration groups like H1, ZEUS collaboration [1] , NNPDF [2] , CTEQ [3] etc and encouraged many researchers in this field. Moreover, parton densities in hadrons assume key roles in the understanding standard model processes as well as in predictions of such processes at accelerators. But, in the domain of asymptotically small-x, gluons are expected to dominate the proton structure function. Therefore, determination of the gluon density in the small-x region is particularly important. Knowledge of gluon densities or say gluon distribution functions are essential also because of the fact that gluons serve as the basic ingredients in calculation of various high energy hadronic processes, for instance, the mini jet productions or in the computation of inclusive cross sections of hard and collinearly factorizable hadronic collisions. Moreover, in the study of p-p, p-A and A-A processes at small-x, at the relativistic heavy-ion collider (RHIC) [4, 5] and at the CERN's LHC [6, 7] , the precise knowledge of gluon distribution is essential.
The x and Q 2 dependence of the gluon density can be predicted well with much phenomenological success through standard QCD evolution equations. The most basic and widely studied QCD evolution equations at twist-2 level are the Dokshitzer-Gribov-LipatovAltarelli-Parisi (DGLAP) [8] and the Ballitsky-Fadin-Kuraev-Lipatov (BFKL) [9] [10] [11] equations. The solution of both these equations predict sharp growth of gluon densities at high energies towards small-x, this has been percieved with experimental results of deep inelastic scattering (DIS) experiments at HERA [12] [13] [14] [15] . The basic difference between DGLAP and BFKL approach is that the former is based on resummation of large logarithmic Q 2 and the later is based on resummation of large logarithmic 1/x. In recent years DGLAP equation has been established as the standard equation for phenomenological study of DIS experiments as well as for global fits of parton distribution function(PDF) by various groups [16] [17] [18] [19] [20] and phenomenological study on the nonlinear modification on dglap equations also have been performed [21, 22] .
The growth of the quark and gluon densities even though increases abruptly towards large-Q 2 , but they remain dilute with their transverse size proportional to 1/Q. At very high energies, region of smaller and smaller values of x can be achieved and the number of gluons increases. These unusual growth of gluons have to be tamed down by means of a mechanism so as to comply with the Froissart bound [23] and to preserve unitarity [24] .
It is a well known fact that at high energies the hadronic cross section comply with the Froissart bound. The Froissart bound states that the hadronic total cross section cannot grow faster than the logarithm squared of energy, which can be mathematically expressed
where s is the square of the centre of mass energy and m π is the scale of the strong force. Gluon recombination is believed to serve as the mechanism responsible for a possible saturation of gluon densities at small-x as well as unitarization of the physical cross sections at high energies. The pioneering finding of the geometrical scalling in the description of HERA data [25] and in the production of comprehensive jets in the LHC data [26] suggests that the phenomenon of saturation occurs in nature [27] [28] [29] .
Although, the DGLAP evolution equations can dileneate the available experimental data in a fairly broad range of x and Q 2 with appropriate parametrizations, but while trying to fit the H1 data using DGLAP approach, it fails to provide a good description simultaneously in the region of large-Q 2 (Q 2 > 4 GeV 2 ) and in the region of small- [12] [13] [14] [15] . Also, in the descripton of the ZEUS data at Q 2 = 1 GeV 2 the DGLAP fit to gluon distribution function can be seen predicticting a negative distribution towards small-x, see this work [30] . The gluon recombination effects at small-x introduces nonlinear power corrections to the linear DGLAP equation due to multiple gluon interactions. These nonlinear terms help in taming down of the unusual growth of gluon densities in the kinematics where the QCD coupling constant α s is still small in the dense partonic system. Gribov, Levin and Ryskin (GLR) [31] followed by Mueller and Qiu (MQ) [32] [33] [34] In our previous work, we had performed phenomenological study of the gluon distribution function G(x, Q 2 ) by solving the GLR-MQ evolution equation upto next-to-next-to leading order(NNLO) at small-x [35, 36] . In that work we studied the gluon distribution function processes. This collective effect occurs when the chances for recombination of two gluons into one is as prodigious as the chances for a gluon to split into two gluons. The emission probability of gluons by a vertex g+g → g is proportional to α s ρ and that of the annihilation induced by the same vertex is proportional to α 
The value of the factor γ was calculated to be 81 16 for N c = 3 by Mueller and Qiu. Now, in the DLLA Eq. (1) can be written in terms of
The R.H.S. of Eq. (2) consists of two terms, the first term is the linear DGLAP term while the second term is responsible for shadowing of gluons. The standard DGLAP equation in
Mellin convolution space is given by
where the convolution ⊗ reperesents the prescription
f q and f g are the quark and gluon distribution function respectively and P q i q j , P q i g , P gq j and P gg are the parton splitting functions [8] . We neglect the contribution coming from the splitting function P gq in the small-x gluon rich region. Also, one thing we can notice from Eq. (2) is that the size of the nonlinear term depends on the correlation radius R. When the value of R is comparable to the radius of the hadron (R h ), the shadowing corrections are negligibly small, whereas for R << R h , the shadowing corrections play vital role. We expect, as R grows up the gluon distribution function G(x, Q 2 ) predicted by Eq. (2) will become steeper and steeper. So, the correlation radius here is an important factor which can control the growth of G(x, Q 2 ).
In Eq. (2), if we remove the nonlinear term then the equation just yields the linear DGLAP evolution of gluon distribution function G(x, Q 2 ). The gluon distribution function
, is expected to rise slowly with decreasing x for fixed-Q
this parameter quantifies the amount of taming achieved with respect to the linear DGLAP growth of gluon distribution function as x decreases. We go on defining another parameter
The value of R = 5 GeV −1 means that the gluons are populated around the size of the proton and R = 2 GeV −1 signifies the gluons concentrated on the hotspots.
III. THE REGGE APPROXIMATION
One of the interesting phenomenon observed at HERA was the rise of proton structure function F 2 towards small-x corresponding to a rising cross section σ γ * p with increasing
) of the produced hadronic state. In the framework of Regge theory, this behaviour of structure function plays important role in understanding the behaviour of the observables, which predicts that the total cross section σ tot (ab) varies as i β i s
where α i is the regge trajectory and β i are the residue functions. According to Regge theory, at small-x, the behaviour of gluons and sea quarks are controlled by the same singularity factor in the complex plane of angular momentum. Small-x behaviour of the sea quarks and antiquarks as well as the valence quarks distributions are given by the power law q val (x) ∼ x −α , where the Regge intercept α = 1 corresponds to a pomeron exchange of the sea quarks and antiquarks while that of the valence quark is given by α = 0.5. The small-x proton structure function F 2 is related to σ tot γ * p which implies F 2 ∼ x 1−α i . In the Regge inspired model developed by Donnachie-Landshoff(DL) [42] [43] [44] , β i are assumed to be dependent on Q 2 and the intercept α i are independent of Q 2 .
In DL model the HERA data could be fitted very well on adding a hard exchanged pomeron to that of the soft pomeron in the Regge theory. In this way, the addition of a hard pomeron could describe the rise of structure function F 2 at small-x. The simplest fit to the small-x data corresponds to
where ǫ 0 = 0.437.
Thus, in this Regge inspired model, the high energy hard hadronic processes are predominated by a hard pomeron exchange with the intercept of 1 + ǫ 0 . The Mellin transform of F 2 would have a pole at j = 1 + ǫ 0 where its origin is perturbative QCD based on summation and resummation of small-x logarithms. The logarithms of x become large in the small-x regime and cannot be neglected, they need to be resummed based on the BFKL equation [11, 45] . Resummation of these small-x contributions is performed in accordance with the so-called k T factorization scheme. Solution to the leading order BFKL equation leads to a pole of j = 1 + 4N c α s ln 2/π in the anglular momentum plane corresponding to a hard pomeron intercept.
Donnachie and Landshoff in their work showed also that the result of integration of the differential equation
2 ) at small-x for the gluon distribution function is described by the exchange of a hard pomeron only as
Towards the small-x region of DIS processes, it is believed to have a greater possibility in exploring the Regge limit of perturbative QCD (pQCD). Models based on Regge ansatz provide frugal paramterizations of the parton distribution functions,
where λ is pomeron intercept minus one. This type of behaviour of the Regge factorization of the structure function F cc 2 has successful experimental back up in the description of the DIS data of ZEUS in the kinematics of x < 0.07 and Q 2 < 10 GeV 2 [42] .
We therefore proceed by considering a simple form of Regge like behaviour given as
where λ G = (4N c α s ln 2)/π, as appropriate for Q 2 > 4 GeV 2 [48] and N c is the number of color charges. The value of λ G thus depends on the choice of α s . This implies that
So, the Regge intercept λ G will play a central role in our calculations. This type of form is believed to be valid in the region of small-x and intermediate range of Q 2 , where Q 2 must be small but not so small that α s (Q 2 ) is too large. But, it is to note that the Regge factorization cannot be a good ansatz in the entire kinematic region.
Regge theory is apparent to be applicable when the invariant mass
is much greater than all other variables. So, the kinematic range which in fact we are considering viz., 10 −5 ≤ x ≤ 10 −2 and 5 GeV 2 ≤ Q 2 ≤ 30 GeV 2 fall in the Regge regime.
IV. SEMI-ANALYTICAL SOLUTION BEYOND LEADING ORDER
We incorporate the higher order terms of the splitting function P gg and the QCD coupling constant α s (Q 2 ). Both of these terms can be expanded perturbatively to include higher order contributions coming from higher twist effects. Considering the next-to-leading order (NLO) and next-to-next-to-leading order (NNLO) terms, α s can be written as as follows:
where
gg (z) and P
gg (z) are the LO, NLO and NNLO terms of the gluon-gluon splitting function respectively. Expressions of these splitting functions are given in the Appendix. Derivations of these higher order splitting kernels can be found in [49] .
In terms of the variable Q ′ 2 , Eq. (2) can be re-wriiten in the following form:
So, we notice that choice of the QCD cut off parameter Λ is also important in this equation.
The Q ′ 2 dependence of α s makes the nonlinear Eq. (4) further more complicative at NLO and NNLO. We define two new parameters T 0 and T 1 such that T 2 ≈ T · T 0 and T 3 ≈ T · T 1 respectively. These two parameters are estimated using nonlinear model fiiting techniques in the region of 5 GeV 2 ≤ Q 2 ≤ 30 GeV 2 , which is the region of our interest in this work.
These parametrizations simplify the nonlinear equation which then can be solved for x. 
The nonlinearity in Eq. (5) is definitely seen in terms of the quadratic term in G(x, Q 2 ), in addition to this, the complicative functional form of the running coupling constant in Q 
C is a constant of integration which can be determined using suitable initial condition of gluon distribution function for a fixed-Q ′ 2 at a given x 0 (> x). We take input value of gluon distribution function G(x 0 , Q ′ 2 ) from PDF4LHC15 PDF data at a larger value of
x (x 0 ) for a given value of Q ′ 2 . We have taken the input value at momentum fraction x = 10 −2 from PDF4LHC15, this set is based on the LHC experimental simulations and the 2015 recommendations [38] of the PDF4LHC working group. PDF4LHC15 PDFs contain combinations of more recent CT14 [37] , MMHT2014 [40] , and NNPDF3.0 [2] PDF ensembles and are based on an underlying Monte Carlo combination of these three PDF groups, denoted by MC900. Thus, the NLO x-evolution of G(x, Q ′ 2 ) for smaller-x(x < x 0 ) at fixed-Q ′ 2 with proper initial condition is given by
∀ x ≤ x 0 , where the functions involved are given below:
On considering upto NNLO terms
Now considering upto NNLO terms the GLR-MQ equation upto NNLO takes up the following form:
We follow the same procedure to solve this partial differential equation as in the NLO case.
Finally, after putting the initial conditions the x-evolution solution (for x ≤ x 0 ) of this equation for fixed-Q ′ 2 is given by,
After computing all these solutions in terms of the variable Q ′ 2 , we can return back to our original variable Q 2 by just putting Q 2 /Λ 2 in place of Q ′ 2 . Thus x-evolution of gluon distribution function G(x, Q 2 ) from the nonlinear GLR-MQ equation beyond the leading orders can be obtained based on the Regge behaviour of gluons at small-x and moderate-Q 2 .
V. DISCUSSIONS
So, we have suggested semi analytical solutions of the GLR-MQ equation at NLO and NNLO based on the Regge like behaviour of gluons in the kinematic range of 10
and 5 GeV 2 ≤ Q 2 ≤ 30 GeV 2 . Our solution predicts the x-evolution of gluon distribution function G(x, Q 2 ) at NLO and NNLO for fixed-Q 2 which is also consistent with our previous result at the LO [50] . Fig. 1 shows a comparison of
We have multiplied both T 3 (Q 2 ) and T (Q 2 ).T 1 by a factor of 10, so as to represent all these variations in a single figure. We have determined the value T 0 = 0.0364162 and T 1 = 0.00135821 for the best fit of the data in the range of our consideration. Table I shows the parameter statistics associated with the fitted parameters.
In Fig. 2(a-d) , we plot our NLO as well as NNLO solutions for G(x, Q 2 ) in the kinematics of 10 −5 ≤ x ≤ 10 −2 at Q 2 = 5, 10, 25 and 30 GeV 2 . It can be observed that our NNLO result lies slightly above the NLO result. This is due to the additional higher order gluon-gluon splitting terms present in the splitting function P gg (z). The value of the Regge intercept λ G is crucial in this phenomenological study. The strong coupling constant α s also enters into the picture through the relation λ G = (4α s N c /π) ln 2 [48] which can control the growth of Fig. 2 (a-d) these data. For the best fit of results shown in Fig. 3(a-d) , all the parameters that we have considered are listed in the Table II.
In the Fig. 3 , we plot the ratio R T of gluon distribution function G(x, Q 2 ) predicted We observe that as we go towards small-x, the R T value deceases, i.e., the taming is more towards small-x for a fixed-Q 2 . We also observe that on increasing Q 2 , the R T value also increases, this means that taming is lesser for higher-Q 2 than for low-Q 2 .
This makes sense because the transverse size of the gluons grows up as 1/Q, the smaller is the size of gluons lesser is the amount of shadowing. We also observe that the taming of our NNLO solution is more as compared to the NLO solution as x decreases.
In Fig. 4(a-b) , we check the sensitivity of R and λ G on our results. In Fig. 5(a) , we plot the NLO and NNLO gluon distribution functions G(x, Q 2 ) in the same kinematic range that we are considering, for four different values of λ G viz., 3, 4, 5 and 6. For reference we take Q 2 = 30 GeV 2 and R = 2 GeV −1 respectively. We observe a sharp rise of G(x, Q 2 ) towards small-x as we increase the value of λ G . We notice that due to the NNLO corrections, G(x, Q 2 ) rises faster than that of the gluon distribution function G(x, Q 2 ) when only the NLO terms were incorporated. Finally, in Fig. 5(b) we plot the ratio (R r ) between G(x, Q 2 )
at R = 2 GeV −1 to G(x, Q 2 ) at R = 5 GeV −1 . It can be observed that the value of R r decrease as x decreases for a fixed-Q 2 . This is a confirmation of the fact that the taming of G(x, Q 2 ) is more when the gluons are concentrated at the hotspots(R = 2 GeV −1 ) than when they are spread throughout the size of the proton (R = 5 GeV −1 ). As we increase Q 2 the ratio R r shifts upwards as x decreases, this means the taming will be less when Q The advantage of our semi-analytical solution over the exact numerical solutions is that the functional form of the solution makes it easier to perform qualitative study of it with respect to various parameters in the solution. For instance, in our phenomenology λ G , R, α s and Λ are parameters, from the solutions we can easily control these parameters and we can effectively study the affect of these parameters on our results. In simple words, we can effectively manipulate or control our results by looking upon which parameters to be fixed up, by qualitatively analyzing the form of the solution.
We have also observed that our solutions are very sensitive to the Regge intercept (λ G ) and the correlation radius of two interacting gluons (R). It can also be observed that compared to our NLO solution, the NNLO solution is more sensitive to λ G and R. In our phenomenological study we also showed that the taming of gluon distribution function becomes more towards small-x at low-Q 2 than that of the gluon distibution function towards
small-x at a larger-Q 2 .
Since 
